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Abstract. A cyclotomic graph is one that has all its eigenvalues in the inter- 
val [—2, 2], and a Salem graph is either (i) bipartite with all but two eigenvalues 
in [—2, 2], or (ii) non-bipartite with all but one eigenvalue in the interval [—2, 2]. 
We define an m-Salem graph to be a connected Salem graph G for which m is 
minimal such that there exists an induced cyclotomic subgraph of G that has 
m fewer vertices than G. Every Salem graph contains a 1-Salem graph as an 
induced subgraph. The main result of this paper is a complete combinatorial 
description of all 1-Salem graphs: there are 25 infinite families and 383 spo- 
radic examples, only 16 of which give trivial Salem graphs. We observe that all 
generalised line graphs that are Salem graphs contain at least one triangle, and 
hence produce a complete list of all 25 connected non-bipartite triangle-free 
Salem graphs. 



1. Introduction 

The notion of a graph Salem number was introduced by McKee and Smyth in [13j : 
these are Salem numbers associated to certain Salem graphs (precise definitions are 
recalled in Section[2]). A number of partial results concerning the structure of Salem 
graphs appear in [T3l Section 3] , and a complete description of all Salem trees in [T3l 
Theorem 7.2], but a combinatorial description of all Salem graphs is still unknown. 
In this paper we make fresh progress towards this goal; we partition the set of all 
Salem graphs into the m-Salem graphs (Definition [1]) for m = 1, 2, 3, . . . , and give 
a complete description of the first of these subsets (the 1-Salem graphs: Theorem 
[IJ. Part of the significance of this is that every Salem graph contains a 1-Salem 
graph as an induced subgraph, so Theorem [T] provides a stronger description of 
some necessary substructure of a Salem graph than had previously been known. 

A graph is called cyclotomic if all its eigenvalues lie in the interval [—2,2]. A 
complete description of all cyclotomic graphs was provided by Smith in |17j . Every 
graph contains a cyclotomic graph as an induced subgraph, and it is a natural 
question to ask what is the smallest number of vertices that need to be deleted in 
order to produce such a graph. With Salem graphs in mind, this motivates the 
following definition. 

Definition 1. A connected Salem graph G is called an m-Salem graph if m is 
minimal such that there exists a set of m vertices V\ , . . . , v m for which the induced 
graph G — {i>i, . . . , v m } is cyclotomic. 

We shall need to consider bipartite graphs and non-bipartite graphs separately, 
as the definition of a Salem graph differs between the two cases (Defmition[2l below). 
For non-bipartite Salem graphs all eigenvalues are at least —2, and Cameron et al 
([2]) showed that the connected graphs with this property are either generalized 
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line graphs or belong to a finite list of graphs represented in the root system Eg. 
We summarise our main results in the following Theorem. 

Theorem 1. (i) All bipartite 1-Salem graphs are described by Theorem \ll\ 

(ii) Every 1- Salem graph that is a generalised line graph is described by Theorem 

there are 25 infinite families and 6 sporadic examples. 
(Hi) There are 377 non-bipartite 1-Salem graphs that are not generalised line graphs: 
see Theorem \l£\ 

In Section [2] we state some definitions and results that we will need to prove the 
three components of Theorem [T] In Section [3] we show that there exist non-trivial 
m-Salem graphs for any m > 1. The proof of Theorem[T]is split over three sections: 
Section 0] for the bipartite graphs; Section [5] for the generalised line graphs; and 
Section [5] for the non-bipartite graphs that are not generalised line graphs. The 
proofs for the latter two are split into further subsections. Observations on triangle- 
free non-bipartite Salem graphs and trivial Salem graphs are made in Sections [7] 
and[8j respectively. 

2. Background 

We follow [13] in our definition of a Salem graph, splitting into two cases accord- 
ing as the graph is bipartite or not. Most of our interest will be in the non-bipartite 
case, with bipartite graphs constrained to the brief Section[4] The set of eigenvalues 
of a graph is simply the union of those coming from its connected components, so 
we shall mainly be considering connected graphs, but when we consider deleting a 
vertex the resulting induced subgraph might be disconnected, and consequently it 
is convenient to allow disconnected graphs in Definition [21 as well as in our defi- 
nition of cyclotomic graphs. The assertions within Definition [5] concerning Salem 
numbers are established in [13] - 

Definition 2. A bipartite graph G is called a Salem graph if the largest eigenvalue 
(or index,) Ai is greater than 2, and the remaining n — 1 eigenvalues are < 2. Then 
\ n = —Ax < —2. A bipartite Salem graph is called trivial if A^ € Z. The associated 
number r (67) is the larger root of y/z + lj\fz = Ax; this is a Salem number unless 
G is trivial (in which case it is a quadratic Pisot number). 

A non-bipartite graph G is called a Salem graph if the largest eigenvalue Ai > 2 
and the remaining n — 1 eigenvalues are in the interval [—2,2]. A non-bipartite 
Salem graph is called trivial if Ax G Z. The associated number t (G) is the larger 
root of z + Ijz = Ax; this is a Salem number unless G is trivial. 

We recall Smith's classification of cyclotomic graphs. 

Lemma 2 (Smith [17j). The connected cyclotomic graphs are precisely the induced 
subgraphs of the graphs Eg, Ej, Es, A n (n > 2) and D n (n > 4), shown in Figure 

m 

We refer to the following result as "interlacing". It allows us to bound the 
second-largest eigenvalue of a graph by the index of any induced subgraph obtained 
by deleting a single vertex. 

Theorem 3 (Cauchy [4]; or see [9], Theorem 9.1.1). Let G be an n-vertex graph with 
vertex set V (G) and eigenvalues Ai > A2 > . . . > A„. Also, let H be the induced 
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Figure 1. The maximal connected cyclotomic graphs. Note that 
each graph has one more vertex than the subscript in its name. 

graph on V (G) \ {v} obtained from G by deleting the vertex v and its incident edges. 
Then the eigenvalues \X\ > fi2 > • ■ • > Hn-i of H interlace with those of G; that is 

Al > Hi > A 2 > H2 > ■ ■ ■ > Hn-l > K- 

For one of our constructions we shall also make use of the Courant-Weyl Inequal- 
ities. 

Theorem 4 (Courant-Weyl Inequalities, see [15] . Theorem 34.2.1). For two Her- 

mitian n x n matrices A and B we have 

Xi (A + B) < Xi-j+i (A) + Xj (B) {i>j), 
Xi{A + B) > X t -j +n (A) + Xj (B) (i<j). 

We also need the following definitions from graph theory: see [7] or [5]. Let 
G be an n-vertex graph or multigraph. The line graph L (G) is the graph whose 
vertices are the edges of G, with two vertices in L (G) adjacent whenever the cor- 
responding edges in G have exactly one vertex in common. The root graph of a 
line (multi)graph L (G) is simply G itself (with a small number of exceptions, G is 
uniquely determined by L(G)). Now let ai,...,a n be non-negative integers. The 
generalized line graph L (G; ai, . . . , a n ) is the graph L(G), where G is the multi- 
graph G (oi, . • • , a n ) obtained from G by adding <n pendant 2-cycles at vertex Vi 
(i = 1, . . . ,n). An internal path of a graph G is a sequence of vertices vi, . . . , Vk of 
G such that all vertices are distinct (except possibly v± and Vk), Vi is adjacent to 
Vi + i (for i = 1, . . . , k — 1), Vi and Vk have degree at least 3, and all of i>2, . . . , Vk-i 
have degree 2. The following lemma collects some important results on eigenvalues 
that we will need. 

Lemma 5. (i) (Perron-Frobenius, see [9], Theorem 8.8.1) Let H be a proper 
subgraph of a connected graph G. Then Ai (G) > Ai (H). Also, Xi (G) > 
A 2 (G). 

(ii) (Subdivision, see |11) . Proposition 2.4) Let H be the graph obtained from a 
connected graph G by subdividing an edge on an internal path. If G ^ D n , 
then Ai (H) < Ai (G). 
(Hi) (pp, Theorem 8.2.5(v)) Let S (G) be the minimum of the degrees of the vertices 
of G and let A (G) be their maximum. Then S (G) < Ai (G) < A (G). 

(iv) ( 9], Lemma 8.6.2) Line graphs and generalized line graphs have all their eigen- 
values in the interval [— 2,oo). 
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We define a generalized cocktail party graph (GCP) as a graph isomorphic to a 
complete graph (or clique) but with some independent edges removed; that is a 
graph where all vertices have degree n — 1 or n — 2. We will use GCP (n, m) to 
denote the GCP on n vertices with m edges removed, where < m < [n/2\. In 
GCP (n, m), we will refer to a vertex of degree n — 1 as being "of maximal degree" . 

Theorem 6 (see [7], Theorem 2.3.1 and Theorem 2.1.1). A connected graph is a 
generalized line graph if and only if its edges can be partitioned into GCPs such that 

(i) two GCPs have at most one common vertex; 
(ii) each vertex is no more than two GCPs; 

(Hi) if two GCPs have a common vertex, then it is of maximal degree in both of 
them. 

Also, a graph is a line graph if and only if its edges can be partitioned in such a 
way that every edge is in a clique and no vertex is in more than two cliques. 

A further important tool in the proof of Theorem 1 121 is the following: 

Proposition 7 ([13], Proposition 3.2). Let G be a connected graph with Ai > 2 
and A2 < 2, then the vertices V of G can be partitioned as V — M U A U H where 

(i) the induced subgraph G\m is minimal subject to \i(G\m) > 2; 

(ii) the set A consists of all vertices of G\auh adjacent to some vertex of M; 
(Hi) the induced subgraph G\h is cyclotomic. 

3. Remarks on tti-Salem graphs 

If an m-Salem graph G is a trivial Salem graph (see Definition [2]), then naturally 
we refer to G as a trivial m-Salem graph. We make the simple remark that the 
complete graph K m+ 3 is a trivial m-Salem graph (for each m > 1): the eigenvalues 
of K m+ z are m + 2^ and — \( m+2 \ where the superscript denotes the multiplicity 
of the eigenvalue, and deleting any m vertices leaves if 3, which is cyclotomic. We 
now establish the more interesting result (Proposition [8]) that there are infinitely 
many non-trivial m-Salem graphs for each m. To justify the construction of these 
non-trivial examples we use the Courant-Weyl Inequalities (Theorem 2]). 

When we talk about "attaching paths" below it is meant in the following way: 
take a graph G with a distinguished vertex v, then attaching an a-vertex path to v 
results in a graph with \V (G)| + a vertices and an edge going between v and one 
of the end vertices of the path. 

Proposition 8. Take K n with n > 3 and a subset of its vertices {v\, . . . , v s } where 
1 < s < n. To each of these vertices attach a pendant path of any finite positive 
length, then this graph G is a Salem graph. Furthermore it is always non-trivial 
and, if s = n, n — 1 or n — 2 the graph is (n — 2) -Salem, else it is (n — 3) -Salem. 

We can interpret this construction as being a rooted product (see [8]): take K n 
to be our labelled graph on n vertices and our rooted graphs to be the s paths we 
are attaching along with n — s copies of K\ . 

Proof. The graph G has n + m vertices, where m is the total number of vertices 
attached in the s paths. Let A be the adjacency matrix of K n U mK\, viewed as 
G with all the edges of the s paths removed, so that its eigenvalues in descending 
order are 
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Note that A 2 (A) = 0. Now let B be the adjacency matrix of the union of the s 
paths, along with n — s isolated vertices, viewed as G with all the edges of the K n 
removed. We now have that A + B is the adjacency matrix of G. The eigenvalues 
of B are all in the interval [—2, 2] as B is the disjoint union of cyclotomic graphs, 
so Ai (B) < 2. 

Using the first of the inequalities in Theorem |4] and setting i — 2, j — 1 we get 

A 2 (A + B) < A 2 (A) + Ai (B) < + 2 = 2 . 

Thus G has at most one eigenvalue greater than 2. For n > 3 and s > 1, the graph 
G is not cyclotomic. Therefore Ai (G) > 2, and this is the only eigenvalue greater 
than 2. 

Covering each edge of each of the s paths by a if 2, and covering the edges of the 
K n part of G with the single clique K n , we see that the edges of G can be partitioned 
into cliques such that no vertex is in more than two cliques. By Theorem [S] G is a 
line graph and so by Lemma [5fiv) the least eigenvalue is greater than or equal to 
—2. Therefore G is a (non-bipartite) Salem graph. 

To see that the Salem graph is never trivial we firstly note that Ai (G) > 
Ai (K n ) = n — 1 by Lemma EJi). We also have that Ai (G) < A (G) = n by 
Lemma EJiii). This result is true independent of the length of our paths. Let G' be 
G with a single vertex added to the end of one of the s pendant paths. Then G is 
a proper subgraph of G', so Ai (G) < Ai (G') < n. The graph G therefore always 
has its index bounded strictly between two consecutive integers, so can never be 
trivial. 

To see how many vertices we need to remove to induce a cyclotomic graph, we 
note that K n is not cyclotomic for n > 4, so we need to remove at least n — 3 of 
the vertices from the K n to have any chance of producing a cyclotomic subgraph. 
If s < n — 3 then after removing n — 3 vertices that include all the vertices to which 
the paths were attached, we are left with a K3 (and some shorter paths), which is 
indeed a cyclotomic subgraph, showing that G is (n — 3)-Salem. If s = n. n — 1 or 
n — 2 then removing n — 3 vertices is not enough, since K3 with a path attached 
is not cyclotomic; but in this case after removing n — 2 of the vertices we are left 
with a union of paths and deduce that G is (n — 2)-Salem. □ 

The bounds on Ai in the proof show that for any integer n > 2 there are infinitely 
many non-bipartite Salem graphs G with Ai(G) € (n, n + 1). For bipartite graphs 
the analogous result is implied by [HJ Theorem 1]. The construction here can be 
made even more general. We may add edges between the loose ends of any pair 
of pendant paths without changing the result. We can also attach copies of K 3 
instead of paths (since these are also cyclotomic), although by doing this we cannot 
use the same triviality argument, as A (G) = n + 1. Moreover, the regular cocktail 
party graph on 2n vertices has eigenvalues 2n — 0^ and — 2(™~ 1 ) so we can 
create similar graphs that are generalized line graphs provided we are careful to 
make sure that we comply with the edge partitioning in Theorem |6l 

The following result is an easy corollary of [131 Theorem 7.2], using the new 
language of m-Salem graphs. 

Theorem 9 ([13], Theorem 7.2). All Salem trees are either l-Salem or 2-Salem. 
We also have the following trivial consequence of interlacing. 
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Lemma 10. A connected subgraph of an m-Salem graph is either cyclotomic or 
is m' -Salem for some mf < m. For every m-Salem graph G, there is a chain of 
induced subgraphs G\ C G2 C • ■ ■ C G m = G such that Gi is i- Salem. 

This second sentence of this lemma gives rise to a naive growing algorithm for 
constructing all small m-Salem graphs. 

Another observation is that all 1-Salem graphs will be planar (although those in 
Theorem [12] are not drawn in a such a way), but m-Salem graphs for m > 2 may 
not be. If a graph contains an induced subgraph topologically equivalent to either 
K§ or K3 3 then it is not planar (see [10] , Theorem 11.13). Removing one vertex 
from a graph topologically equivalent to a K5 leaves a graph with at least four 
vertices of degree 3 while the cyclotomic graphs we hope to induce have at most 
two. Removing a vertex from a graph topologically equivalent to a K3 3 leaves a 
graph with more than one cycle, which again cannot be cyclotomic. 

Having got 1-Salem graphs under control, it is natural to ask about 2-Salem 
graphs, and so on. A stumbling-block to progress here is that not every connected 
graph obtained by adding a vertex to a 1-Salem graph is Salem. 

4. All bipartite 1-Salem graphs 

We now begin our proof of Theorem [TJ starting with part (i) ; the bipartite 
1-Salem graphs. 

Theorem 11. Let Hi, . . . , H s be a finite set of connected cyclotomic bipartite 
graphs (so excluding odd cycles from the connected cyclotomic graphs described in 
Lemma\^j, and for each i (1 < i < s) let Si be a non-empty subset of the vertices 
of Hi such that all the vertices of Si fall in the same subset of the bipartition of Hi . 
Form the graph G by taking the union of all the Hi along with a new vertex v, and 
with edges joining v to each vertex in each Si. Then 

(i) unless G is cyclotomic, it is 1- Salem; 

(ii) all connected bipartite 1-Salem graphs arise in this way. 

Proof. The second part is clear: if G is a bipartite 1-Salem graph, then there exists a 
vertex v whose deletion leaves a cyclotomic induced subgraph, and the components 
of this give the Hi- The first part is a consequence of interlacing: G has at most 
one eigenvalue greater than 2, and being bipartite we are done. □ 

One can be more explicit and describe precisely which combinations of Hi and 
Si result in G being cyclotomic, simply by running through the possibilities for 
cyclotomic G given by Lemma [5] Table [T] below shows explicitly which cyclotomic 
graphs can arise for each choice of Hi (1 < i < s). The subsets Si that give the 
graphs G are easy to spot. As the degree of v is at least s, we see that no cyclotomic 
graphs arise when s > 5. 

5. All 1-Salem generalised line graphs 

Theorem 12. The 1-Salem generalized line graphs are precisely the graphs in Fig- 
ures\MWland\4\ 

A quick notational point: in Figures EHU a dashed edge indicates a path between 
the endpoints of the dashed edge, having an arbitrary number of edges (perhaps 
even none, or perhaps with a lower bound shown); the parameter attached to a 
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Table 1. The cyclotomic graphs that may arise in Theorem [TT1 
arranged by the number of components s. See [7] for the (standard) 
definitions of E 6 , E 7 , E 8 , A n , D n ; P n is the path on n vertices. 



dashed edge gives the number of edges on this path. Dotted edges and vertices 
are used to indicate edges and vertices that may or may not be there. Here the 
dotted edges and vertices always form a "snake's tongue" shape, and later on we 
will use the notation a to indicate a path of length a (i.e., having a edges) with 
two extra vertices in the shape of a snake's tongue on the loose end. Thus, for 
example, Gio(l,l) and Gio(l, 1) are shown in Figure [S] The 1-Salem generalised 
line graphs of Theorem [12] are presented as 25 infinite families and six sporadic 
graphs, but there are in fact 60 non-isomorphic infinite families when we consider 
all the possible options of paths with snake's tongues attached. 

Also, as a simple corollary to Theorem [12] we can easily note which of the graphs 
in Figures [2HH are line graphs (rather than generalised line graphs) based on the 
characterization in Theorem [6] These are the graphs where the edges can be par- 
titioned into cliques rather than GCPs and there are 12 infinite families and 3 
sporadic graphs. 

The following trivial extension of [13] Theorem 3.4] can be used to show that all 
the graphs in Figures [5rE] are Salem graphs. 

Lemma 13. Suppose that G is a non- cyclotomic non-bipartite graph containing a 
vertex v such that the induced subgraph on V (G) \ {v} is cyclotomic. Also suppose 
that G is in the family of graphs with least eigenvalue greater than —2, then G is a 
Salem graph. 

To apply Lemma [13] to the graphs in Figures [2H4] we note that all the graphs 
in that figure are generalised line graphs (using the characterisation in Theorem [6] 
for example), and in each case one readily spots a vertex v whose deletion leaves a 
cyclotomic induced subgraph. 
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G 5 {a,b), a,b> 1 G 6 (a, b, c), b > 2 G 7 (a, 6), a, 6 > 2 G 8 (a,6) 




G 9 (a), a>2 Gi (a,6) G n (a), a > 2 G 12 (a,6,c) 



Figure 2. Twelve of the 25 infinite families of 1-Salem generalised 
line graphs. The parameters a, b, c, d are > unless specified. 

We now prove Theorem rT2] using the structure given in Proposition [7J that is we 
will grow our graphs starting with the vertices in M, then MuA, then MU AUH. 
We quickly note a simple lemma that will be referred to frequently in the proof. 

Lemma 14. A 1-Salem graph G may not contain an induced K§. Also, if it 
contains an induced K4, then only one of the four vertices in that K4 may be 
attached to any other vertices in G and the vertex we remove to make G cyclotomic 
must be this distinguished vertex in K4. 

Proof. The first sentence is clear since if we remove any one of the vertices of K§ we 
obtain a K4 which is not cyclotomic. For the second sentence, removing a vertex 
v of K4 leaves a K3 so if any of the other vertices of the K4 were attached to any 
vertices of G, so would the K 3 be after removing v, and no connected supergraph 
of K3 is cyclotomic. □ 

5.1. M — the minimal graphs. In this step we will need three of the 31 minimal 
forbidden subgraphs for the property of being a generalized line graph (see 
Theorem 2.3.18]). The three that we will use are in Figure [6] below. 

Proposition 15. All Salem generalized line graphs must contain a K3. 
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G 22 (a) G 23 (a,6) 



G 24 (a), a>2 



G 25 (a) 



Figure 3. Thirteen of the 25 infinite families of 1-Salem gener- 
alised line graphs. The parameters a, b are > unless specified. 



>~< <H> l&< 

26 ^27 ^28 <~ r 29 Lr30 ^31 

Figure 4. The six sporadic 1-Salem generalised line graphs. 



Proof. Lemma \5l iv) tell us that all generalized line graphs have their least eigen- 
value A n > —2 and by definition Salem graphs have Ai > 2, so a Salem generalized 
line graph must be non-bipartite and therefore must contain an odd cycle. Let G 
be an odd cycle of shortest length in a connected Salem generalised line graph G. 
The subgraph of G induced by the vertices of C is just G, else there would be a 
shorter odd cycle in G. Since an odd cycle is cyclotomic, G must contain a vertex 
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Gio(l,l) Gio(l,i) 
Figure 5. An illustration of the hat convention. 

^ r> 

G (l) G (12) G (13) 

Figure 6. Three of the minimal forbidden subgraphs for the prop- 
erty of being a generalized line graph. The names for these graphs 
are taken from [7]. 

v adjacent to a vertex a on C (and perhaps adjacent to other vertices on C). If C 
has length 3, we are done. 

The next case is to consider when C has length 5. If v were adjacent only to 
a on C, then C together with v would induce G^ 13 \ one of the minimal forbidden 
subgraphs, so we must add at least one more edge between v and a vertex on C. If 
we have an edge between v and either of the neighbours of a on C, then we would 
form a triangle, so from now on we may suppose that v is not adjacent to either of 
these neighbours of a. Similarly, if we attach v to both of the vertices on C that 
are not adjacent to a, then we would form a triangle. But we cannot attach v to 
exactly one of these two non- neighbours of a on C, else we would have as an 
induced subgraph. We conclude that C cannot have length 5. 

For C of length 7 or greater we follow a similar method. If v were adjacent 
only to a on C, then C together with v would induce a G^ 12 \ one of the minimal 
forbidden subgraphs, so we must add at least one more edge between v and a vertex 
on C. If v were adjacent to a vertex x on C that was neither one of the neighbours 
of a on C, nor one of the vertices distance two along C from a, then one could find 
a shorter odd cycle in G (using a, v, x, and completing the cycle along C in the 
appropriate direction to make the length odd), so we can exclude this possibility. 
If v were adjacent to a neighbour of a on C, then we would have a triangle. Since 
this is not the case, v must be adjacent to one (or both) of the vertices on C that 
are distance 2 from a, but not to either of the neighbours of a on C, giving 

G (D 

as 

an induced subgraph. □ 

As a corollary to this we get that the minimal graphs we are after must be the 
three ways of attaching a single vertex to a K$ . 

Corollary 16. The minimal graphs with respect to the property of being a Salem 
generalized line graph are the three graphs in Figure^ 

We now know what our minimal graphs look like but before proceeding we make 
one more observation. For G\ v to be cyclotomic we must have v € M; that is, the 
vertex we are removing to induce a cyclotomic graph must be one of the vertices 
of the minimal graph M. 
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Mi M 2 M 3 
FIGURE 7. The three minimal graphs in Corollary [TBI 

5.2. A — the adjacent vertices. Growing our graph from G\m to G\muA is 
the most difficult part, however the restriction to 1-Salem generalized line graphs 
reduces this to a finite search, after some work. By Theorem |BJ we have a highly- 
constrained structure: we cannot simply add vertices and edges anywhere. First 
let us consider the ways we can partition Mi, M 2 and M3 into GCPs; this will 
reveal where we can add vertices. The generalised line graph Mi can be seen 
uniquely as a K3 and a Ki\ it then has three vertices of maximal degree that are 
not already in two GCPs. And M3 can be seen uniquely as a K4, but by Lemma 
[T?]we know that we can attach further vertices to only one of its original vertices. 
The graph M 2 , however, is one of the seven graphs that has two non-isomorphic 
root multigraphs (see [3 Theorem 2.3.4]) so we need to consider both versions. Let 
M 2i i be M 2 partitioned as a K3 with two i^ 2 's attached and both joined at their 
other ends; here we only have one vertex that is of maximal degree and not already 
in two GCPs. Let M 2j2 be M 2 partitioned as a GCP (4, 1) where we then have two 
vertices of maximal degree. 

The set of vertices A are those in the graph G\auh that are adjacent to a vertex 
in M. By Theorem[6j to grow from G\m to G\mua we can: 

• expand a GCP to a larger one that contains the original one (taking care 
of the degrees of vertices); 

• attach a new GCP to a vertex of maximal degree that is only in one GCP 
(attaching only at vertices of maximal degree); 

• do both of the above. 

Once we have done this we can then also add an edge between any two vertices of 
A of maximal degree in their GCPs (in effect, adding a K2) or take two maximal 
degree vertices of A that are in separate GCPs and only in one GCP each and 
"merge" them together (connect two disconnected GCPs by making them share an 
available maximal degree vertex) . 

Lemma [14] helps here as we know that we need not consider any GCPs that 
contain a K$. In fact, by studying the GCPs G that have this property and looking 
at the induced graph G — v for each v £ V (G) we find the fairly short list of GCPs 
that we can attach or expand to in Table [3] below. 

Note that GCP (4, 2) = C 4 is not included; when partitioned as GCP (4, 2) it 
has no vertices of maximal degree, so cannot be attached to anything and when 
partitioned as four i^ 2 's it has no vertices that are not already in two GCPs. Also, 
GCP (3, 1) and GCP (5, 2) are two of the seven graphs that have non-isomorphic 
root multi-graphs. However, when GCP (5,2) is partitioned as two K^s and two 
K2& it has no vertices that are not already in two GCPs and when GCP (3, 1) is 
partitioned as two i^ 2 's one of its vertices will not be in A. 

The process of going from G\m to G\muA is then a finite one; we only have so 
many GCPs in the minimal graphs Mi, M 2 ,i, M 2j2 and M 3 to expand and only so 
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GCP (2,0) 
GCP (3,1) 




K 2 



2 



vertices of maximal degree 
vertex of maximal degree 



GCP (3,0) 



GCP (4, 1) 



GCP (4, 0) 



GCP (5, 2) 



Table 2 



many ways to attach these six GCPs to them. We also have a small number of cases 
where we can add in extra edges between vertices of A or merge them. In working 
through all these combinations we discard a number of graphs that are not 1-Salem 
as they require more than one vertex to be removed to make them cyclotomic. 

The list of 1-Salem generalised line graphs G|mua has been omitted for reasons 
of space. There are 224 that are distinct as graphs, although many of these graphs 
can arise in more than one way as G|mua- The largest has 11 vertices. Initially 
these were all found by hand; the list was then checked by a computer search. 

5.3. H — the cyclotomic parts. We now look at the set H in Lemma [7] We 
can reduce our choices by observing that the only cyclotomic graphs that are also 
generalized line graphs are D n and A n = C n+ \. However, we will show that G\h 
cannot contain cycles and can only contain subgraphs of D n . For n > 3 we note 
that A n can be partitioned uniquely as (n + 1) K 2 's with each vertex in two GCPs, 
so we cannot simply attach vertices to it. The other option is then to expand a GCP 
to a larger one so that we now have vertices only in one GCP to attach to other 
things. The smallest case is to expand one of the (n + 1) K 2 's to a K%. Clearly, 
this new vertex must be in A rather than H as the graph is no longer cyclotomic. 
However, in order to make the graph cyclotomic we must remove a vertex but all of 
the vertices are in A or H and we have shown that the vertex we remove must be 
in M, Cycles of length 3 can be seen as both three K 2 s or one K3 but by similar 
reasoning on the choice of vertex we are removing, we can exclude this case too. A 
similar argument holds again for cycles of length 4 for both ways of partitioning its 
edges. 

The graph D n can be uniquely partitioned as (n — 4) K 2 s with a GCP (2, 0) 
(or snake's tongue) at either end. However, in this graph each vertex of maximal 
degree within its GCP is already in two GCPs. If we remove one or both of the 
snake's tongues we are left with graphs we can work with — a path or a path with 
a snake's tongue on the end — each with at least one vertex of maximal degree that 
is only in one GCP. With this in mind we can think of G\h simply consisting of 
paths of any length, possibly with a snake's tongue on one end. 

The final step in growing these graphs is to go from G|mua to G\muauh = G. 
To any vertices in A of maximal degree and only in one GCP we can attach a 
single path of arbitrary length (remembering that Lemma [14] tells us that we can 
only attach things to one vertex of a K4). If we so choose, we can join any two 
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of these pendant paths together (equivalently, attach a path or arbitrary length to 
two different elements of A of maximal degree that are each only in one GCP). 
Furthermore, on the end of any pendant paths we can include a snake's tongue. 
These graphs are then precisely the graphs in Figures [2]-[4] and Lemma [13] tells us 
that they are all 1-Salem, completing this section of the proof. 

We can consider letting the lengths of one or more pendant or internal paths 
tend to infinity. By |13[ Corollary 4.4] the corresponding sequence of graph Salem 
numbers converges to a Pisot number. By studying the different ways we can let 
paths tend to infinity, we can produce several explicit families of Pisot numbers. 

6. The 1-Salem graphs represented in Eg 

6.1. The root system and signed graph Eg. There are various concrete de- 
scriptions of the root system Eg (see [3J Chapter 3], for example). Here is one of 
them. Let ei, . . . , eg be an orthogonal basis for E 8 , with each having length y2- 
The root system Eg contains 240 vectors: the 16 vectors ±ei, . . . , ±e§, and 224 
vectors of the form (±e^ ± e 3 ± e^ ± e;)/2, where ijkl is one of the 14 strings 1234, 
1256, 1278, 1357, 1368, 1467, 2358, 2367, 2457, 2468, 3456, 3478, 5678. The usual 
inner product of any two distinct vectors from these 240 is either —1, 0, or 1; and 
all have length 2. Hence we can define a signed graph (which we might as well also 
call Eg) with 240 vertices corresponding to these vectors, and with adjacencies of 
distinct vertices given by the inner product of the corresponding vectors. 

The Weyl group W(E S ) is the group of isometries of E 8 generated by the invo- 
lutions v4v-(v' Vj)vj for each of the 240 vertices Vj (in fact there are only 120 
of these involutions, since Vj and — v, yield the same involution). 

A graph is said to be represented in Eg, if it appears as an induced subgraph of 
the signed graph Eg. If A is the adjacency matrix of such a graph, then A + 21 is 
the Gram matrix of some subset of the vectors forming the root system Eg. 

6.2. Fast backtracking in Eg. Let P be a property of graphs such that if G 
has property P then so does any induced subgraph. (Such a property is called 
hereditary.) The following process provides a computationally-efficient method for 
searching for all graphs that: (a) are represented in Eg; and (b) have property P. 

Assign an ordering to the vertices of Eg: vi, . . . , V24o- A naive search for all 
graphs having property P that are represented in Eg would be as follows. Start with 
an empty list of vertices; look through the vertices in order, adding them to the list 
so long as the signed subgraph induced by the vertices in the list is actually a graph 
and has property P; once stuck, backtrack. The number of signed subgraphs of Eg 
is so large that this process is only practical for extremely restrictive properties P. 
To improve matters, we exploit the isometries of Eg. 

Choose a set S of isometries of Eg. When considering if it is possible to add 
a new vertex to ones list, apply each isometry in S to the potential enlarged list, 
and reject the new vertex if any of the permuted lists appears earlier in the lexi- 
cographical ordering derived from our ordering of the vertices. Larger sets S make 
each update more expensive, but potentially reduce the backtracking by pruning 
certain branches at an early stage. 

We used a few other programming tricks to speed up the process further, but 
the main idea was to exploit isometries of Eg. In practice we used a set S of size 
162, including the 120 involutions above, and 42 carefully selected others. 
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Figure 8. The two 11-vertex 1-Salem graphs that are not gener- 
alised line graphs. 

6.3. Cyclotomic graphs represented in Eg. 

Proposition 17. Let G be a cyclotomic graph represented in Eg. Then G has at 
most 10 vertices. 

Proof. The fast backtracking approach described above was applied to find all cy- 
clotomic graphs represented in Eg. The largest ones had 10 vertices. □ 

There are three distinct 10-vertex examples of cyclotomic graphs represented in 
Eg, up to isomorphism. They are: (i) two 4-cycles and two isolated vertices; (ii) 
two copies of D4; (iii) a 4-cycle and D$. The largest connected examples have 9 
vertices: (i) D 8 ; (ii) Eg. 

6.4. 1-Salem graphs that are not generalised line graphs. By [2] we know 
that all of these are represented in Eg . Knowing the small size of cyclotomic graphs 
represented in Eg restricts our search to graphs with at most 11 vertices. We could, 
in principle, modify our search for cyclotomics to deal with this harder problem. Or 
we could, in principle, search for all connected 1-Salem subgraphs of the 473 graphs 
in [7J Table A6] (the maximal connected graphs subject to having all eigenvalues 
at least —2). But a list of all Salem graphs of up to 12 vertices has been computed 
by the first author, and the simplest strategy for us was therefore to look through 
this list for non-bipartite 1-Salem graphs, and then see which of these were not 
generalised line graphs. For this latter point, the characterisation by excluded 
subgraphs (see [5J, [IB]) was used — slightly simplified by the fact that 11 of the 31 
excluded subgraphs have eigenvalues below —2, so cannot appear as subgraphs of 
non-bipartite Salem graphs (see [JJ Theorem 2.3.19]). 

Table [3] shows the number of non-bipartite connected 1-Salem graphs that are 
not generalised line graphs by the number of vertices. The largest examples have 
11 vertices; they are shown in Figure [BJ These computations complete the final 
part of the proof of Theorem [TJ which we state here as a theorem. 

Theorem 18. There are 377 non-bipartite connected 1-Salem graphs that are not 
generalised line graphs. The numbers of vertices for these graphs range between 6 
and 11; the number of graphs for each of these numbers of vertices is shown in 
Tabled 



Number of vertices 


6 


7 


8 


9 


10 


11 


Number of graphs 


10 


43 


111 


153 


58 


2 



Table 3. The number of non-bipartite connected 1-Salem graphs 
that are not generalised line graphs. 
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Number of vertices 


6 


7 


8 


9 


10 


Number of graphs 


1 


4 


7 


8 


5 



Table 4. The number of non-bipartite triangle-free Salem graphs. 



7. Triangle-free non-bipartite Salem graphs 

Let G be a triangle-free non-bipartite Salem graph. Being a non-bipartite Salem 
graph, G is either a generalised line graph or is represented in E 8 . Being a triangle- 
free Salem graph, G is not a generalised line graph by Proposition [15j Hence G 
must be represented in Eg. In particular, only finitely many such graphs exist. 

By [M] Section 7.3], triangle-free subgraphs of E$ have at most 16 vertices, and 
restricting to those that are not cyclotomic, the maximum number of vertices is 12. 
Again it was convenient for us here simply to search the first author's list of small 
Salem graphs. This established the following Proposition. 

Proposition 19. There are exactly 25 non-bipartite triangle-free Salem graphs. 
All have at most 10 vertices. The numbers of each size are given in Table^ 

The 10-vertex examples include the Petersen graph: this is the only case that is 
a trivial Salem graph (see Definition [2J moreover it is an integral graph) . All but 
one of the 25 graphs are planar. 

8. The trivial non-bipartite 1-Salem graphs 

For the non-bipartite graphs it is possible to observe when they are trivial Salem 
numbers (when Ai 6 Z). This is a different question to that of integral graphs as 
we only require the largest eigenvalue to be an integer, however the two problems 
intersect. For the finite number of graphs from Eg and the sporadic generalized 
line graphs we simply need to calculate the eigenvalues to see when they are trivial. 
For the infinite families however we need to take a different approach. Similarly to 
the proof of Proposition [8l we look to bound the largest eigenvalue between two 
consecutive integers when possible. It turns out we can always do this for the 25 
infinite families of 1-Salem generalized line graphs. 

Lower bounds are easily found by looking at the graphs when all pendant paths 
and cycles are at their smallest. Upper bounds are found by calculating the largest 
eigenvalue of an "extremal" version of the graph Ge', that is, one where all the 
pendant paths are infinitely long and all internal paths (cycles and paths with 
snake's tongues) are as short as possible. We then use Lemma [5] subdivision of 
internal paths tells us that Ai (G) < Ai (Ge) as more vertices are added to the 
path, and Perron- Frobenius tells us that Ai (G) < Ai (Ge) for pendant paths of 
any finite length. Subdivision followed by Perron-Frobenius deals with graphs that 
contain both internal paths and pendant paths. To calculate the largest eigenvalue 
of the graphs Ge that are infinite we use the following result from [13l Lemma 4.1] 
on reciprocal polynomials 

z 2p — 1 z 2p — z 2 

Rg p (z) = — — -Rg 1 (z) - 2 — — Rg (z) , 

z A — 1 z A — 1 

where Rq (z) — z n \G ( z + 1/z) and G p denotes the graph G with a pendant path 
of length p attached. We apply this as many times as necessary and let the lengths 
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of the paths tend to infinity. Our Ai (Ge) = z\ + l/z\ where z\ is the largest root 
of Rg e (z) . The trivial graphs can be seen in Figure GO 
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Figure 9. The trivial non-bipartite 1-Salem graphs 

With the exceptions of the graphs in Figure[S]we can bound the indices of graphs 
Gi, G2, G3, G6,...,Gn and G15 strictly between 2 and 3 and graphs G13, G14, 
Gig, . . . , G25 strictly between 3 and 4. The graphs G4, G5 and G12 have indices 
between 2 and 4 but the only times they give trivial graphs are the two in Figure 

E 

It is worth noting that all but five of these trivial Salem graphs are in fact 
integral. The graphs £4(6, 6, 2), E2, £4, E5 and Ei are non- integral. With the 
exception of G31, the remaining 10 graphs overlap with those found in [5] that are 
also 1-Salem. Any integral graph with index 3 which also has the property that on 
removing one vertex it becomes cyclotomic must be 1-Salem by Lemma EJi). The 
graph G31 has index 4 but we will not be able to apply the same comment to a 
similar list as 3 or —3 may be eigenvalues too. 
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